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Abstract

We present a finite chain-length calculation of the rubber elasticity of an isotropic crosslinked network of freely jointed chains under affine
deformation. Whilst this is a classical calculation, the result is derived in its full tensorial structure for the first time, and new predictions of
non-Gaussian elasticity for general biaxial deformations are presented. The full tensorial rubber-elasticity derivation allows any deformation
regime to be treated, to facilitate validation with experimental data. Even though more complex many-chain effects are neglected, this theory

appears to be the only one to offer a physical explanation for negative valwgsobiserved experimentally at small strai@s1998 Elsevier
Science Ltd. All rights reserved.

Keywords:lsotropic crosslinked network; Non-Gaussian elasticity; Rubber elasticity

1. Introduction of rubber elasticity have been proposed to account for inter-
actions between chains. Models range from the constrained
Rubber elasticity arises when polymer chains capable of junction-fluctuation [11] and primitive path [12,13] to slip-
large extensions are crosslinked together to form a network.link [14—17] and tube models [18,19]. The relative merits of
Such chains can be considered at varying degrees of comthese approaches in fitting experimental data have been
plexity [1,2]—initially as phantom, Gaussian chains, then reviewed by Gottlieb and Gaylord [20], who make clear
accounting for many-chain affects, e.g. entanglements. Wethat the only real test of theory is to go beyond uniaxial
reconsider one significant feature of such networks, i.e. the deformations. The message is somewhat mixed, as none of
finite length of its constituent chains (i.e. a strandMf  the eight molecular models available was able to reproduce
monomers cannot extend to a length of more thatimes all of the experimental observations over the entire experi-
the monomer length), an effect that the very much simplify- mental range. A particularly striking point was that [21] a
ing and rather successful Gaussian statistical theory does nohegativeW, (the energy density derivative with respect to
account for. Gaussian statistics are exact only when thethe second invariant of the deformation tensor) was observed
polymer chains they describe are of infinite length. In experimentally at small strains, but none of the models could
order to capture the finite chain effect in the network, predictit. Computer simulations [22—25] have been helpful,
Kuhn and Grun [3] long ago devised the inverse Langevin and amongst other things they confirm the negatiVe
approximation within the freely jointed chain model, and seen in experiments [26,27]. A somewhat more generalized
obtained the leading correction to Gaussian single chain method [28] obtained a good fit to experimental stress, but
statistics. More recently, a powerful method based on still did not offer any physical origin to the negativity @,
moment calculations from the characteristic function [4] found experimentally in the low strain regime.
has been developed to obtain the single end-to-end vector In this paper, we return to the picture of freely jointed
distribution function [5—7], achieving encouraging agree- chains cross-linked at junction points deforming under
ments with Monte Carlo simulations [8]. affine conditions. The end-to-end vector distribution
Under the assumptions of the affine deformation of junc- function is derived as an expansion in inverse strand
tion points and the additivity of individual strand entropy, length, which ultimately approaches those obtained earlier
the end-to-end vector distribution function directly leads to [5—7]. However, the expansion facilitates the full network
the network elasticity through either a finite-chain average average, which follows to give the elastic free energy in a
or network average [1,9,10]. However, agreement with similar expansion. It is assumed that the fluctuation of the
experiment is incomplete. Alternative theoretical models junction points will introduce a prefactor [2], but will not
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significantly alter the expansion otherwise. The method we with

use incorporates the saddle-point integration and Wick's i 2 K KO

theorem, and the result is obtained in its full tensorial f(k)= —k R4+ — 4+ —~+ ——+ ... 4)
form, which has not been done before [10] for finite N 6 180 © 2835

chain-length effects. This tensorial expression is then This integration can be performed within the saddle-point
expressed as a function of the two invariants of the deforma- approximation to give the leading correction to the Gaussian
tion tensor. The negative value &f, is then found. It probability. The saddle-point is found to be at:

appears that finite chain-length is a possible physical origin , 2 4

giving rise to a negative\,. The results presented here k= — %{1 §<E> + 9_9(3) + } (5)
should be applicable to networks with medium to long Nb? S\ Nb 175\ Nb

(for convergence) strand lengths at moderate or l0W 4 oyajyate the full correction, we write the standard Taylor

deformations. _ _ _ _expansion forf(k) about the saddle-poirkty;
An error in the widely used inverse Langevin approxi-

mation is examined and corrected. Our motivation is not to = (kYY"

surplant models invoking many-chain effects in rubber f(k) =f (ko) + Z Tf(k)|ko (6)
elasticity, which undoubtedly exist and contribute to rubber . n=2

elasticity. The purpose of this paper is to: (i) improve a wherek = k — ko measures the distance away from the
classical model calculation on which much has been basedsaddle-point, andy, denotes that all derivatives are to be
over the years, and give a fully tensorial form for the depen- evaluated at the same saddle-pdintThe leading Gaussian
dence of free energy on the Cauchy strajisince complex behaviour [1]R~N"?andk~N~"2 guides our expansion in
deformations are the acid test of theory; (ii) show that this orders of 1N throughout this paper. Some details of this
simple physical effect under the simplest assumptions yieldsexpansion are provided in Appendix A. Eqg. (3) can be
W, < 0, a result inaccessible to more complex models. The rewritten as:

last result perhaps suggests that a simple model calculation N

is indeed instructive—finite chain-length effects in tandem P(R)« exp(— Nf(ko))JdlZ exp< - R2>

with many-chain effects might be of importance. 6
1, 500 o 3R
— (RK“ 4+ 2RRkik) [ 1+ =
. . . eXp[lON( +2RRkk) {1+ 5NZ2pb?
2. Single chain statistics
bi_ o N1,
. e . + —Rkk™— —k'b
Consider the probability distribution functidAR) of a 15 180
chain consisting oN freely jointed units of lengtl, with 3 o o
the end-to-end vectdrR. By introducing the auxiliary field - W(RAK +4R2Ri|%kikj)
k, it is rather trivial [29,30] to show: o2
e N + —(RK* + 4R Rk K K) + } )
P(R) - Jdk eflk.R <S”l:bkb> (l) 105N

with summations over repeated indices implied here. The

Here, (%J)N is the characteristic function for the freely first exponential in the integrand describes a Gaussian aver-

jointed chain. Its successive derivatives with respeck to ~ age which, onits own, gives the prefactor in the saddle-point
give the chain moments, from which the(R) can be approximation; the second exponential can be expanded
inferred very accurately [5—7]. However, we shall present into a power series ik, and the average with respect to
a perturbative method here for simplicity. the Gaussian distribution is straightforward thanks to

Approximating the characteristic  function by Wick’s theorent. The resulting probability distribution is
exp(—Nk?b?/6) gives rise to the usual Gaussian distribution an asymtotic series iRZ(Nb) “2~N"*, which can be written
function, but more accurately, we can write it as a power in the following exponential form:

series expansion ik*: 2/ 2 o

sin kb\ M Kb? Kbt Kb PR eXp<_N{§<W>) (1_N+W>

( kb) =exp|{ —N T+m+—2835‘+‘,... 0/ R . 1 " 0o & i 8
2) +ﬁ<N_b> ( _5_N>+ﬁ><|\|—b> }*--)-()

which gives the probability distribution function in the form

of: Lwick's theorem states that the Gaussian average of a product can

be evaluated from the average of all possible pairings:
P(R) « Jdk exp(— N f(K)) 3) <k,K, .-k, > = D paiings < ki ki, > .. <k, K, > where < ...

> indicates a Gaussian average
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Note that this probability distribution only depends on the where(...), indicates the average with respect to the prob-
magnitude oR, as the system is isotropic. The exponentis a ability distribution function before deformatioR(R); kgT
power series in M, and for largeN, should be well approxi-  is the unit of thermal energy. This implies the following
mated by the first few terms, as shown in Eq. (8). For shorter average:
chains, higher-order terms in the expansion will be needed

and the process becomes difficult, then the method of Refsﬁ—const+ 2l\?b2 <1 Iil 5N2) (RR)o

[4—7], which in fact is more suited to shorter chains, is more &

appropriate. Nevertheless, for small corrections to Gaussian 9 11

statistics due to a finite chain length, Eq. (8) is sufficient. We + 20N3b4< N W) (RRRR)o

now compare it with the inverse Langevin approximation of

the literature [3], which also deals with this correction to 350\|5b6<R'R'R1RIR|R|> (12

Gaussian statistics due to a finite chain length. . o
The probability distribution function given by the inverse However, this average over a non-Gaussian distribution is
Langevin approximation is equivalent to taking the saddle inconvenient, and we choose to rewrite Eq. (8)R@R ) as:

point value expi(ko)]: 3R; 1 2
3/R\2 9/R\* PRo) eXp(_ §W<l_ N W))
PLang(R)Oc expl —NIs|l 5] + 55l Nk
2\ Nb 20\ Nb ON/ Ry\* 11 8IN? [ Ry\ 2
99 ( R\, o < 1= 50(R6) (1= sn) * o0 ()
350\ Nb ) 99 / Ry
the exponent of which agrees with that of Eq. (8) only B ﬁ)(@) * } 9

partially. In comparison, the multiplicative factors in the
exponent, e.g. (- 1/N + 2/5N?), are new and necessary
for a self-consistent approximation of the order oN1/
Therefore, expanding the inverse Langevin function in a
power series, e.g. [26,31], will give an incomplete correc-
tion to Gaussian results at ordeNLThe error in the inverse
Langevin approximation comes mainly from the use of Stir-
ling’s approximation, which can be viewed as a saddle point W 1(1 1 2

1 13
N 5N2> NN+ SoN <1_ 5N)

X [()\iﬂ\ij) + 2N Nj M N ]

which is a Gaussian distribution with a non-trivial multi-
plicative factor. Thus, the average in Eqg. (12) becomes a
Gaussian average of a polynomiaRnand Wick’s theorem
can again be employed after substitutiRg = \,5 Rgg tO
give the rubber-elastic contribution to the free energy
densityW = ng F

approximation of a Gamma function integral. nkgT 2
In Egs. (8) and (9), we have non-Gaussian probability
distributions, which contain the leading order (ilN}Lcor-

rections due to the finite chain-length. However, the exact 11 3

expectation values are available (by, e.g. differentiating the + 1050N2 [O‘ii i)™+ 6N Nj Np Mg Amphmg
characteristic function[4]) for a freely jointed chaifR?) =

Nb? and(R% = (5N? — 2N)b*3, etc. which account for the + 8N Nig Ny MpAmphmgl + .- (14

finite chain length effects. These expectation values can bewhere we have dropped the irrelevant constant,raiislthe
verified with the probability distribution of Eq. (8) by average number of chain strands per unit volume. Note
expanding its non-Gaussian parts and utilizing Wick’s the- that the\* terms start at order K/ the \® terms start at
orem in the subsequent integrals, but not with that of Eq. (9). order 1N?, etc.

Eq. (14) gives the full tensorial free energy with the finite
chain-length effect, and it can be viewed as an extension of
the previous work on uniaxial deformations [10]. Our ori-
ginal motivation for such a tensorial formulation is partly
that finite chain-length effects are likely to be qualitatively
important in nematic elastomers which, being anisotropic,
make the tensorial formulation crucial. However, there are
also interesting conclusions for isotropic rubber elasticity,
as we show below.

Nys = IR, /0Ryg (20) The deformation of a homogeneous, isotropic and elastic
material is characterised by a symmetric deformation tensor
A, the diagonalisation of which leaves three principal strains
A1, N2, A3 along a set of orthogonal axes. If we further
assume incompressibility, which imposkg N\,, A3 = 1,
Fs(A) = — ks T(INP(R))o (11) the elastic free energy is then a function of the two

3. Network average

To analyse the mechanical properties of the network, we
now consider a general affine deformatirwhich deforms
a span between junction points of the network flBgito R
according to the relatiorR = A.Rq This defines the
Cauchy—Green deformation tensar

The elastic free energy per network strand of the distorted
state is then given by the quenched average &{R) over
the distribution of strandB(R):



1170 Y. Mao/Polymer 40 (1999) 1167-1171

remaining rotational invariants of the deformation tensor even under the simplest approximation, can account for
[32,33]: the negativelV, observed experimentally. Our theory also
3 predicts that: (i) the absolute value W, increases with
=D N, =
i=1

N2 W=W(4 1) (15) increasing crosslink densities or decreash@nd; (ii) for
Thus, biaxial deformation is the most general deformation,

largeN, W, should approacks/5N. More complex models,
e.g. involving entanglements, may be more successful if
and uniaxial deformation is only a special case. The most (€Y include this physical ingredient. _
strict test of a physical model is therefore only obtained Fl_nally, we _derlve an expansion expression for small
under the former [20]. Rewriting Eq. (14) in terms bf ~ Strains. We writd; = §; + € j, and the constant volume
andl,, we have: condition requires Dek(;) = 1, which leads to:

[

W o1/ 1 2 1 13 € = € €;/2+0(€%) (19)
=<1— Nt 2)Il+<1—>[3|%—4|2] ST _—
G 2 N~ 5N 20N SN via the Cayley—Hamilton theorem. Here, in writing Eq. (19),
11 we have assumed the matrig ; to be symmetric. It is an
+ W[Sll —12415] + ... (16) assumption without loss of generality since the anti-

symmetric part of the matrix gives rise to a net rotation,

whereGo = nksT. The derivativedh; = oWal; are: which leaves the system invaridnThus, the above elastic

W, 1 1 1 2 3 1 13 | energy expression, Eq. (14), can be rewritten as (again
Gy, 2\ Nt Tt en) dropping the constant term):

11 2 1
W, 1 13 661, This now becomes an expansion in both ; and 1N. As
G_0: - 5_N< - 5_N> BN N (18) expected, we indeed see theN1¢orrections to the usual

Gaussian behaviouWg,( € ) = Gy € j € j. Cubic,
Experimentally, Kawabata and co-workers [21,34,35] have quartic and even higher order (in strain) corrections are
studied the behaviour of rubbers under multiaxial deforma- also present, but are smaller by increasing powers Nf 1/
tion. Special attention was paid to small deformations, at With N being typically of the order 20 for rubber and
which experimental error was prevalent. While their results possibly less for liquid-crystalline elastomers thus far
can be well fitted by some theoretical models at large studied, the correction can be quite significant even at
strains, no previously available model can explain the nega- small deformations.

tive W, observed at low strains [20]. We see from Eq. (18)

that the affine assumption with finite chain-length can

clearly give rise to a negativ/, at order 1N and higher. 4. Summary

For a typical value of N = 10, we would have

W,~—0.03G,, and for shorter chains we would expét We have presented a perturbation method of deriving the
to be more negative. This is about the same order of magni-end-to-end vector distribution function of a freely-jointed
tude as that measured in Kawabata et al. [21], which gave anchain. By performing a network average, we derive a fully
average of~—0.1G, with a rather large uncertainty of more  tensorial expression for the rubber elasticity of a crosslinked
than 0.0%5,. The experimentaN is difficult to estimate, and  network with finite chain-length effects. The elastic free
the sample is almost certain to have polydisp@¢s@uali- energy is then obtained as an explicit functionlgfand
tatively, the decrease W, with increasind ,, as predicted |, the two invariants of the deformation tensor. The main
in Eq. (17) at order M? can be observed in the data from results of the paper are: (i) the error in the inverse Langevin
Gottlieb and Gaylord [20], and Kawabata et al. [21]. The approximation is examined; (ii) a tensorial form of the finite
experimental uncertainty prevents a more detailed compar-chain-length effects is derived; and (iii) the finite length of
ison, and it would therefore be interesting to have more polymer chains can give rise to the negati¥g, observed
precise data folV; ; at |, ,~3 and their variations witt\. experimentally. The expansions in the small deformation
At large deformations, beyond the region of validity of this tensor € and inverse strand lengthN/are performed.
model (mainly due to the breakdown of affine deformation The deviation from the usual Gaussian behaviour is
assumption)W, becomes positive. Comparison with com-  obtained. Work in progress generalises the method pre-
puter simulations [26] is hampered by slight differences in sented here to nematic networks.

adopted models. In Termonia [26,27], affine deformation

was not strictly enforced; the inverse Langevin approxi-

mation giving rise to order N error in free energy (as

discussed earlier) was employed. However, the MesSagez | nematic elastomers there is an elastic-nematic coupling involving the
of this paper is clear, i.e. that finitely extensible chains, antisymmetric component o and we cannot make this simplification
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